
F r o m  the expansion (3.6) it is seen  that in the ca se  of potent ial  mass  f o r ce s ,  some  t ime  a f te r  the s t a r t  
of the flow, r e g a r d l e s s  of the initial  condition, the lowes t  ha rmon ic  will p redomina te  in it, 

1 
m - -  t m ~ ~  E aHexp( - -E1 ,  ) v , 1 ,  

?/12--  1 

i t  r e p r e s e n t s  d i f ferent ia l  ro ta t ion  about some  axis p ropor t iona l  to the a~imuthal  component  of a he l ica l  Hill 
vo r t ex ,  descr ibed  in [5], and damped in p ropor t ion  to exp ( -20.19~R-2t) .  
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N O N I S O T H E R M A L  F L O W  I N D U C E D  BY T H E  S Q U E E Z I N G  

O F  A N O N - N E W T O N I A N  F L U I D  F I L M  B E T W E E N  

T W O  P A R A L L E L  P L A T E S  

Y u .  V .  K a z a n k o v  a n d  V.  E .  P e r v u s h i n  UDC 532.5:532.135 

In the p r e s s u r e  fo rming  of th in -shee t  products ,  the po lymer  me l t  is injected into the cavi ty  formed by 
pa r t i a l ly  contact ing ha l f -molds .  The next s tage  is the joining of the ha l f -molds ,  during which t ime the me l t  is 
squeezed to fill  the mold cavi ty  and harden  a t  the end of the p r o c e s s .  

Here  we cons ider  the p r o b l e m  of noniso thermal  flow induced in a mol ten po lymer  f i lm between two 
pa r a l l e l  p la tes  (half -molds) ,  which a r e  squeezed together  a t  a r a t e  v in the di rect ion normal  to the plane of the 
p la tes .  We inves t iga te  the t e m p e r a t u r e  r e g i m e  of the fluid cooling p roces s  as a function of the governing 
p a r a m e t e r s  of the p rob l em.  

I t  is a s sumed  that  the fluid is i n c o m p r e s s i b l e  and obeys a power  rheologicaI  law, where  the cons i s tency  
depends on the t e m p e r a t u r e  T: p = ~ ( ~ .  

The t e m p e r a t u r e  of the fluid at  the init ial  t ime  is T0, and the wall  t e m p e r a t u r e  is T w (Tw<<T0). 

To the bes t  of our knowledge, this kind of p r o b l e m  has been investigated only in [1]. However ,  to s i m -  
pl i fy the solution the authors  have,  without just i f icat ion,  r e j ec t ed  the convection t e r m  in the hea t -ba l ance  equa- 
tion. 

We introduce a cyl indr ica l  coordinate  s y s t e m  with the z axis  di rected perpendicu la r  to the plane of the 
pla tes  and with the origin s i tuated at  the cen te r  of the lower pla te  (Fig. 1). The rad ius  of the fluid f i lm R(t) is 
a function of the t ime t and is de te rmined  f r o m  the condition of a cons tant  initial vo lume of the fluid. 

Taking axia l  s y m m e t r y  into account,  we find that the tangent ia l  component  of the ve loc i ty  vr  and the 
de r iva t ives  of al l  va r i ab l e s  with r e s p e c t  to ~p a r e  equal to zero .  

Under the condition that  body forces  and s u r f a c e - t e n s i o n  fo rces  a r e  negligible,  the stated p rob l em c o r -  
responds  to the s y s t e m  of equations 
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Fig.  1 
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o--i- -V" Vr-hT-r + VZ-~-z = a r ' ~ ' r  r-~r + O-'~J' (3) 

0 (rVr) 0 (rvz) 
ar 4- oz = 0 ,  (4) 

in which r is the r ad ia l  coordinate ,  v r and Vz a r e  the r ad ia l  and t r a n s v e r s e  components  of the veloci ty ,  p is the 
densi ty  of the fluid, p is the p r e s s u r e ,  n is the exponent  in the power theo log ica l  law, and a is the t he rma l  dif-  
fus ivity. 

Cons iderab le  difficulties a r e  m e t  in the solution of the s y s t e m  (1)-(4), even by compute r -o r i en t ed  
numer i ca l  methods .  We use  the following p r o c e d u r e  to s impl i fy  the s y s t e m  (1)-(4) : By a sui table  choice of 
sca les  we t r a n s f o r m  the s y s t e m  to d imensionless  f o r m  in such a way as to make the order  of each va r i ab l e  
equal to unity [2]. Under this t r ans fo rma t ion  the influence of the t e r m s  of the equations a r e  es t imated  by the 
d imens ionless  fac tor  assoc ia ted  with the t r a n s f o r m a t i o n  f r o m  the s y s t e m  (1)-(4) to the s y s t e m  containing 
d imens ion less  v a r i a b l e s .  

We introduce the sca les  R(t) for  the r ad ia l  coordinate ;  H(t)/2 for the t r a n s v e r s e  coordinate ,  where  H(t) is 
the d is tance  between the plates  ; v0 = -H(0) f ' (0)  for  the t r a n s v e r s e  veloci ty ,  where  fit) = H(t)/H(0) ; (T o -- Tw) 
for  the t e m p e r a t u r e ;  T0 = H(0)/2v0 for  the t ime.  

The sca le  for  the r ad ia l  component  of the veloci ty ,  denoted by vl,  is obtained f r o m  the equation of con-  
tinuity (4) and is exp res sed  in t e r m s  of the above-def ined ve loc i ty  and length sca les  in the f o r m  v 1 = 2R(t)v0/H(t). 

We take as the c h a r a c t e r i s t i c  p r e s s u r e  P0 the a v e r a g e  p r e s s u r e  on the pla tes  for the case  of i so the rmal  
flow of the fluid; this quantity can be es t imated  by analogy with the approach  in [3], where  i so the rma l  flow 
induced by the squeezing of a Newtonian fluid l ayer  between two pa ra l l e l  p la tes  is invest igated.  

The heat -conduct ion  equation m u s t  be t r a n s f o r m e d  with r e g a r d  for  the exis tence  of d i f ferent  t ime sca les  
cha r ac t e r i z i ng  the dynamics  of evolution of the fluid flow and the t e m p e r a t u r e  field. If we a s s u m e  that  the t e m -  
p e r a t u r e  va r i a t ion  is de te rmined  main ly  by molecu la r  hea t  conduction, then by rep lac ing  the der iva t ives  in Eq. 
(3) (in which convect ion t e r m s  a r e  neglected on the lef t -hand side) by the r a t ios  of finite inc rement s ,  we obtain 
a t ime  sca le  c h a r a c t e r i s t i c  of the evolution of the t e m p e r a t u r e  field: ~-I = H2(0)]4a. 

The t r an s fo rm a t i on  f r o m  the s y s t e m  (1)-(4) to the s y s t e m  containing d imens ionless  va r i ab les  and the sub-  
sequent  o rde r -o f -m agn i t ude  e s t ima t ion  of the t e r m s  with r e g a r d  for the fac t  that  H(t) <<R(t) and Tw<<T 0 yield 
major  s impl i f ica t ions .  Omitt ing the s imp le  calcula t ions ,  we give the final f o r m  of the app rox ima te  s y s t e m  of 
equations,  r ewr i t i ng  i t  in the new d imens ion less  va r i ab l e s :  

_ ap "~ ,,~ o r 1 ov~ \,q 
_~js ~) = _ ~ [ ~ ( o ) t w  ) j; (5) 

bO Pe / (T) V~ 0 4 
020. (6) 0x T = 0~s, 

I a (~_:~) § av~ 
T = 0, (7) 
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where  O = ( T - -  Tw )/(To - -  Tw ); *l=2r/H(t) ;  [ = 2z/H(t); V~ = VJVo, Vq = v~lvo; P = plP~, 
. t  

_I 4adtJH~(tx); v~(O) ~(T)/p(To); and Pe = v0H(0)/2a is the Pecle t  number .  T 

o 

The s y s t e m  (5)-(7) is solved under the following init ial  and boundary conditions: 

Vn = O, V~ = q~(q;), 0 = 0 for ~ = 0 ;  

ovn,"o~ = O, v,~ = 0 ,  OelO~ = O for ~ = 1 ;  

0 = 1  ( O < ~ < ~ t ) ,  O = O  for ~ = 0 ,  T = 0 ;  

P = 0 for ~] _~ Rl(g), 

where  the radius  of the f i lm Rl(~) is found f r o m  the condition of a constant  fluid vo lume:  

P~ = ix(To)(2vo/H(O))n; 

i8) 

(9)  

(1.o) 

(11 )  , 

R~(~) = 2R(O)/-3i2(x)IH(O), ~(~) = ]'(~)/f (O), ](~) = H(z)IH(O). 

Simple  t r ans fo rma t ions  r e d u c e  the solution of the s y s t e m  (5)-(11) to the solution of a nonlinear in tegro-  
d i f fe rent ia l  equation of the hea t -conduct ion  type. 

Thus, in tegra t ing Eq. (5) subjec t  to the f i r s t  boundary condition (9), we obtain 

_ (,)I<,- <o)1 

In tegra t ing  the r e su l t ing  equation f r o m  0 to ~ and invoking the f i r s t  boundary condition (8), we obtain an 
expres s ion  for  the r ad ia l  veloci ty:  

V~ : (--dP/dq) l/" ](T)qb(~, ~), (12) 

where  

(~, ~) = j '  [(1 - ~,) ',t ' - '  (O)]~/"d~. 
0 

F r o m  the equation of continuity (7), using the boundary conditions (8) and (9), we obtain 

(13) 

In tegra t ing  Eq. (13) f r o m  0 to ~, we have 
1 

(.~) .n ~, 2 
0 

Sett ing 7] = 0 in this equation, We find in succes s ion  

C O r l S t  = O~ 

1 

~ )  St~)f ~(~,~)d~. 
0 

We introduce the function 

(14) 

' cb (T, = d~ j' [(i - -~l )  T- : (O)? ' /"d~,  q~l (~) = ~) d~ 
~O 0 

and r e w r i t e  Eq. (14) in the f o r m  

We a r e  now in a pos i t ion  to e l iminate  the fac tor  ( - d P / d ~ )  in (12): 

7i; ) 

(15) 

(16) 

In tegra t ing the p r e s s u r e - g r a d i e n t  equation (15) f r o m  ~ to RI(T ) and taking (11) into account~ we obtain 
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. + i [ ] (~) j 
i (Rn+l" ~+l\ 

.~  i ('O--q ) ,  

0 

f r o m  which we de t e rmine  t h e ' a v e r a g e  p r e s s u r e  on the pla tes  

l( i )" <p> = ~o j' p (~:, ,1) dqlnl  (~) = t - - ! - -  [ ~ (~) 1" [ 2R, (0) ],,+.f_=(,,+,)/2 fT~ 2 m f~, ~) d~ 
,> , ,  + 3 i. s (-<) i L s-s (o) .l " " " I t  ~ " 

Returning to Eq. (7), we r e w r i t e  it  with r e g a r d  for  (16) : 

/i< Ore i o (nV~) (x) �9 (w, ~) �9 w~ ~) d~. (18) 
a~ = ~] a,i - = - -  q) 

We in tegra te  Eq. (18) f r o m  1 to ~. The second boundary condition (9) enables us to obtain an explici t  
express ion  for the t r a n s v e r s e  ve loc i ty  component:  

' 0/i v~ = ~ (~) ~ �9 (z, ~) d �9 (~, ~) d~ 
r 

We have thus reduced the p rob l em  to the solution of the in tegrodif ferent ia l  equation 

[r ] oo oo (19) aw + Pe f (x) ~ (w) �9 (w, ~) d (w, ~ 

subjec t  to the boundary and initial  conditions 

0 - ~ 0  for ~-----0; (20) 

0 0 / 0 ~ = 0  for ~ = i ;  (21) 

0 : I ( 0 <  ~ i ,  w=-O), O : 0  for ~-----0. (22) 

For  Pe  = 0 (i .e. ,  in the absence  of t he rma l  convection) the s y s t e m  (19)-(22) admits  an exact  solution [4]. 
The s y s t e m  (19)-(22) is approx imated  by a s ix -po in t  impl ic i t  d i f fe rence  s cheme  and solved numer ica l ly  on a 
compute r ,  

This approach has been used p rev ious ly  for the numer i ca l  solution of the s y s t e m  of boundary - l aye r  equa-  
tions in a c o m p r e s s i b l e  gas flowing longitudinally p a s t  a plate  [5]. 

It  is a s sumed  in al l  the calculat ions that  the t e m p e r a t u r e  dependence of the r e c i p r o c a l  of the fluid con-  
s i s t ency  has the f o r m  

/t/exp [b/(O --  0~)], if 0 > 0~,~ (23) 
�9 .-~ (0) = / o ,  if O ~ O~, 

where  b and 01 a r e  pos i t i vecons t an t s . and  the ve loc i ty  of the p la tes  is constant ,  ~p(~) - 1; in this case ,  as is 
r e ad i l y  ver i f i ed ,  

f(~) = i/(l  + Pe~), 

F igu re  2 i l lu s t r a t e s  the evolution of the t e m p e r a t u r e  field with t ime  (n = 0.33, b = 1.35, Oi = 0 .2) .  The 
p a r a m e t e r  indicated by the numbers  at tached to the solid cu rves  is the d imens ion less  t ime (Re = 40 for a l l  the 

~ iJ-  IJj:-  
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c u r v e s ) .  The  d a s h e d  c u r v e s  r e p r e s e n t  the  t e m p e r a t u r e  d i s t r i b u t i o n  for  f ixed  ~ = 0.02 and v a r i o u s  v a l u e s  of the  
P6c le t  n u m b e r :  1) P e  = 0; 2} P e  = 20; 3) P e  = 30. 

The e r r o r  of the  c a l c u l a t i o n s  c a n  be  e s t i m a t e d  i n d i r e c t l y  by  c o m p a r i n g  c u r v e  I wi th  the  e x a c t  s o l u t i o n  in 
[4]. This  c o m p a r i s o n  d i s c l o s e s  t h e i r  fu l l  a g r e e m e n t  up to the  t h i rd  d e c i m a l  p l a c e ,  i . e . ,  w i t h i n  the  e r r o r  l i m i t s  
of the  c o m p u t a t i o n a l  s c h e m e  (the c o m p u t a t i o n a l  s t e p s  a r e  A t  = 0 .01 ,  A~ = 0.001,  and the  o r d e r  of a p p r o x i m a t i o n  
of the  d i f f e r e n c e  s c h e m e  is o ( ~ ' + A ~  2) [5]). 

The  t e m p e r a t u r e  d i s t r i b u t i o n  of the f lu id  a s  a func t ion  of the  p a r a m e t e r s  n and b is  g iven  in F ig .  3 (Pe  = 
40, | = 0.2) :  1) T = 0.02,  b = 1.35,  n = 1; 2) 1- = 0.02,  b = 1.35,  n = 0.5; 3) ~- = 0.04,  n = 0.33,  b = 1.35;  4 )  T = 
0.04,  n = 0.33~ b = 0.5. 

A g r a p h i c  r e p r e s e n t a t i o n  of the  m o s t  c h a r a c t e r i s t i c  f e a t u r e s  of the  v a r i a t i o n  of the  a v e r a g e  p r e s s u r e  on 
the  p l a t e s  is  g iven  in F i g .  4, in  which  the  s o l i d  c u r v e s  c o r r e s p o n d  to f ixed v a l u e s  of the  p a r a m e t e r s  n = 0.33,  
b = 1.35~ Ot = 0.2,  fl = 2Rt(0)/H(0 ) = 50. The p a r a m e t e r  of the  c u r v e s  is  the  P~cle t  n u m b e r :  1) P e  = 40; 2) Po = 
30; 3) P e  = 2 0 .  The d a s h e d  c u r v e  r e p r e s e n t s  the  v a r i a t i o n  of the  a v e r a g e  p r e s s u r e  on the p l a t e s  for  b = 0.5 
(the o the r  p a r a m e t e r s  have  the  s a m e  v a l u e s  a s  for  c u r v e  1). 

As  e x p e c t e d ,  the  c u r v e s  (1~ = F(T) m u s t  tend to the  s a m e  a s y m p t o t e  a s  v ~  i r r e s p e c t i v e  of the  e x p o -  
nent  b of the  e x p o n e n t i a l  func t ion  in (23), and so  the  d i f f e r e n c e s  be tw e e n  t h e m  (for a f ixed  v a l u e  of Pe) b e c o m e  
i n c o n s e q u e n t i a l ,  b e g i n n i n g  with  a c e r t a i n  v a l u e  of T. 
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